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Abstract. The dependencies of the critical components of normal and tangential forces 
corresponding to the contact breakage between a parabolic indenter and an elastic 
half-space have been determined taking into account adhesive interaction. In order to 
describe the adhesive contact, the method of dimensionality reduction (MDR) and the 
modified rule of Heß taking into account tangential displacements have been used. The 
influence of the surface energy depending on the indenter separation angle has been studied.  
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1. INTRODUCTION 
Adhesive forces play an important role in the processes taking place in biological 
systems. One bright example of how animals use adhesion is a gecko motion along an 
inclined surface [1]. During such motion, a firm adhesive contact is established between 
the gecko’s feet and the surface allowing him to move easily both on vertical and 
horizontal surfaces (on the "ceiling"). This is possible because the gecko’s feet surface 
consists of a huge amount of fibers, each of them having very good adhesive properties. 
The fibers’ elasticity together with their endings’ good adhesion to surfaces allows the 
gecko to easily attach to the majority of natural surfaces. Based on the gecko’s feet 
structure as a natural prototype, a scientific group around S. Gorb [2] has created an 
artificial material with a similar structure, which "sticks" to almost any surfaces.  
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It is necessary to emphasize that the adhesive contact can be destroyed not only by an 
increase in the normal force value, but also by applying a tangential loading as, for example, 
shown in [3-8]. During the gecko’s motion in a horizontal plane (on the "ceiling"), the 
normal component of the force plays a decisive role. In the case of motion in a vertical plane 
the normal force required for the foot to detach is created by its muscular power. However, 
there is also a tangential force caused by gravity. While moving along an inclined plane with 
different slopes, the contribution of tangential and normal components to the contact 
breakage will vary. Nevertheless, the gecko’s foot detachment always takes place at a 
particular ratio between these two force components, which is a function of the tangential (or 
normal) loading [9]. For example, an increasing tangential force will reduce the normal force 
required to break the contact. Therefore, the aim of the present work is to determine the 
critical force components that correspond to the adhesive contact breakage taking into 
account a relationship between the surface energy and the separation angle that was 
previously determined in [3]. The present research is a continuation of the work [9], in which 
the surface energy was supposed to be independent of the direction of motion.  
It is necessary to point out that we consider a case when there is an equivalent 
contribution of the tangential and normal loading to the adhesive bonds’ breakage. This 
approach can be applied not only to the gecko’s motion description, but also to the adhesion 
between atomically flat surfaces or long polymer molecules changing their orientation at a 
tangential displacement. While describing such processes, it is also important to understand 
what will happen after the adhesive bonds have been broken. For example, in the case of a 
pure tangential motion, the bonds will be restored after their breakage. However, in the case 
of a gecko moving along a surface, such behavior is not observed (after separation, the 
contact is fully recreated but in a different place). That is why we consider the situation when 
the adhesive bonds are not restored after their destruction. In addition, we limit ourselves to 
the description of only the contact breakage phase, because we are interested in the 
dependencies of the critical normal and tangential force components corresponding to the 
complete contact breakage [9]. Our investigation will be carried out within the framework of 
the well-known method of dimensionality reduction  (MDR) [10], which allows us to 
reproduce the classical results of the theory by Johnson, Kendall and Roberts [11] (JKR) for 
the adhesive normal contact using the rule of Hess [10]. 
The present work consists of two parts. In section 2 we briefly describe the adhesive 
contact modeling procedure within the MDR. Section 3 will show the investigation of the 
tangential loading influence and new results are given. Section 4 will be finally dedicated 
to conclusions. 
2.  MDR FOR THE ADHESIVE NORMAL CONTACT 
In order to describe the contact of axially symmetric bodies within the framework of 
MDR, the following steps should be performed [12]: at first, the initially three-
dimensional profile z = f(r) is replaced by a one-dimensional function g(x) according to 
the Abel transform: 
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In this paper we restrict ourselves to the parabolic profiles in the form f(r) = r
2 
/ (2R). 
In this case, Eq. (1) gives the equivalent one-dimensional profile: 
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 . (2) 
As a second step, it is necessary to replace the elastic half-space by a one-dimensional 
elastic foundation of independent linear springs with normal and tangential stiffness: 
  *
zk E x  ,   
*
xk G x  , (3) 
where sampling step x  is the distance between two springs, and effective elastic moduli 
E
*
 and G
*
 are determined by the equations: 
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With shear modulus G and Poisson number ν, leading to the so-called Mindlin ratio: 
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Later we will use a criterion of detachment given by Eq. (14), which contains equivalent 
contributions to the adhesive force from both the normal and tangential displacements of the 
indenter. We should note that Eq. (14) is valid only for ν = 0. In this case, the stress 
concentration factors for the modes II and III are equal along the entire boundary line [9, 
13]. On the other hand, for a no-slip contact between a rigid indenter and an elastic half 
space, the condition of elastic similarity (which necessarily has to be fulfilled to ensure 
the exact correctness of the MDR) corresponds to ν = 0.5. However, accounting for 
elastic dissimilarity will severely complicate the calculations and the error made by not 
accounting for it was proven to be small [14]. Therefore, in further calculations we have 
chosen ν = 0 in order to provide the correctness of the detachment criterion in Eq. (14). 
The Mindlin ratio in this case will be equal to one.   
If transformed profile g(x) is pressed into the elastic foundation with penetration depth 
d, the displacement of an individual spring inside the elastic contact will be determined by 
the following expression: 
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R
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The adhesive contact size (i.e. its radius a) can be easily found using the rule of Heß, 
which gives the tension level for the boundary springs in contact l = –uz(a), where the 
value of l is determined by the following equation [12]: 
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By combining expressions (6) and (7), we get the equation: 
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As a result, total normal force value Fz can be calculated as the sum of forces of all 
individually stretched and compressed springs [10]:   
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Let us now consider a more general case when the indenter also moves in the 
tangential direction with displacement 
(0)
xu . For convenience, we represent our results in 
terms of the following dimensionless parameters: 
   
0
a
a
a
 ,  
0
z
z
F
F
F
 ,   
0
d
d
d
 ,  
(0)
(0)
0
x
x
u
u
d
 , 
0
z
z
u
u
d
 , (10) 
where F0, a0 and d0 are the critical values of the normal force, the contact radius and the 
absolute value of the indentation depth at the moment of the parabolic indenter’s 
detachment from the elastic half-space under “fixed load” conditions [15]: 
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In terms of these dimensionless parameters Eqs. (8) and (9) take the form: 
   2 1/23 4d a a  , (12) 
   3 3/22F a a  , (13) 
which, of course, just reproduce the JKR solution [11].  
3. INFLUENCE OF TANGENTIAL DISPLACEMENT 
Let us consider a situation of an actually non-zero tangential displacement 
(0)
xu . In this 
case, the energy released during the detachment of the two outermost springs will be 
equal to 
* 2 * (0)2( )z xE u a x G u x   . By equalizing it with the adhesive work 2πaΔxΔγ, we 
get the equilibrium condition in the form [9]: 
   * 2 * (0)2( ) 2z xE u a G u a    . (14) 
In our previous work, we supposed that adhesive work Δγ is independent of the 
tangential loading [9]. However, some investigations have shown that such dependence 
may occur [3, 4, 16]. For example, in [3] in order to take into account the influence of the 
tangential displacement, the surface energy dependence has been proposed in the form:  
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with dimensionless parameter λ, introduced in order to determine how the surface energy 
depends on the motion direction. This equation has been obtained in the work [3] for the 
crack opening regime; that is why it is valid only for negative normal forces values zF  (or 
in our notations for negative displacement values ( )zu a ). The situation of a surface 
energy independent of the motion direction is determined by λ = 1. In order to find out 
how λ influences the contact breakage process, we should rather use energy γ0 (Eq. (15)) 
in Eq. (14) instead of standard constant Δγ. 
Using dimensionless parameters, the corresponding equilibrium condition takes the form: 
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Let us perform numerical simulations of the adhesive contact using this detachment 
condition at different values for λ. In the case under consideration, function ( )zu a  is 
determined by expression (16). Using Eq. (6), we can find the relationship between indentation 
depth d and contact radius a in the form: 
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The normal and tangential forces are functions of contact radius a: 
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   * (0)2x xF G a u  . (19) 
In terms of the dimensionless parameters in Eq. (10), Eqs. (17)-(19) can be written in the 
following form: 
   23 ( )zd a u a  , (20) 
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These equations define the dependencies of the normal force on the indentation depth taking 
into account the tangential displacement. It is necessary to point out that substitution of the 
indentation depth (Eq. (20)) into the equation for the normal force (Eq. (21)) at zero 
tangential displacement 
(0) 0xu   leads to the classical solution (Eq. (13)) for the normal 
contact.  
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Let us consider “fixed-grips” and “fixed-loads” loading conditions. In the case of 
“fixed-grips” conditions, a very stiff external system controls the macroscopic indenter 
displacement. Physically it means that during the system’s motion toward the equilibrium 
state, the displacement value is kept constant. The “fixed load” conditions can be 
implemented physically with the help of a very soft spring. As a result, the force value is 
fixed during the relaxation process. We note that the MDR-relations described before have 
been successfully applied to the simulation of the adhesion influence at particles elastic 
collisions under "fixed-grips" loading conditions [17].  
In the case of “fixed-grips”, the loss of the contact stability is defined by expression 
d ( ) / d 0d a a  , which using Eq. (20) can be written in the explicit form:  
   
d
6 0
d
zu a
a
  . (23) 
By solving the system of Eqs. (16) and (23), we have obtained the dependence of 
critical radius ,c fga  on tangential displacement 
(0)
xu . The substitution of the result into 
Eqs. (20)-(22) allows us to obtain the desired relationship between the normal force (the 
adhesion force) and applied tangential force  z xF F .  
Fig. 1a shows these dependencies built for different values of λ. Note that at zero 
tangential force 0xF   (or zero displacement 
(0) 0xu  ) under “fixed-grips” conditions, 
the critical normal force is (0) 5 / 9zF    for all of the curves [9]. 
Under the “fixed-load” conditions, the instability occurs when the negative normal 
force reaches its maximum value [10]. Consequently, the instability condition is written in 
the form d / d 0zF a  , resulting in the equation: 
   
d
6 0
d
z zu u a
a a
   . (24) 
We have performed the above described numerical analysis. But instead of Eq. (23) 
we have used expression (24). Fig. 1b gives the numerical calculations results. Note that 
all the curves in Fig. 1 are shown in the range of negative forces 0zF  , for which Eq. 
(15) holds true. In Fig. 1b the critical value of the normal force without the tangential 
displacement is (0) 1zF   .  
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 a) b) 
Fig. 1 Normalized dependencies of critical normal force zF  on tangential force xF  for 
E
*
=G
*
 at different values of λ: (a) “fixed-grips” loading conditions in both directions; 
(b) “fixed-load” conditions in the vertical direction and “fixed-grips” conditions in 
the tangential direction 
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In accordance with the results shown in Fig. 1 in both the considered cases the 
indenter can detach from the half space at zero normal force at the expense of tangential 
force 
xF . These critical tangential forces versus parameter λ at zero normal forces 0zF   
are shown in Fig. 2 for “fixed-grips” conditions (solid curve) and “fixed-load” conditions 
(dashed curve). Both the curves correspond to the results shown in Fig. 1. It can be seen 
from Fig. 2 that these two dependencies ( )xF   have the similar form, but under the 
“fixed-grips” conditions, the critical value of tangential force required for detaching is 
smaller than for situations with “fixed load” conditions.  
0 0.2 0.4 0.6 0.8
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Fig. 2 Normalized dependencies of critical tangential force xF  on λ  at zero value of 
normal force for the parameters of Fig. 1a (solid curve) and Fig. 1b (dashed curve). 
4. CONCLUSIONS 
The adhesive contact between an axially-symmetric indenter and an elastic half-space 
has been investigated under superimposed normal and tangential loading taking into 
account the dependence of the surface energy on the separation direction. It has been 
shown that the presence of the tangential displacement leads to a decrease in the critical 
value of the normal force that corresponds to detachment of the indenter from the surface. 
Different combinations of “fixed-load” and “fixed-grips” loading conditions have been 
studied in the normal and tangential direction. For each case, the universal curves have 
been built in terms of corresponding dimensionless parameters. The investigation results 
can be applied to the description and simulation of adhesive processes taking place at the 
adhesive interaction of a gecko’s foot with a surface along which it moves.  
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